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Abstract
The paper presents a comprehensive closed-form performance analysis framework for multihop
communications over Weibull fading channels. The analyzed scheme consists basically of multiple regen-
erative relays with generalized high-order quadrature amplitude modulation (M -QAM) transmissions. To
take into consideration the channel fading in the mmWave range, we adopt the advocated Weibull model
for its flexible ability to cover different channel conditions. The end-to-end performance is evaluated
in terms of outage probability, bit error probability (BER), symbol error probability (SER), block error
rate (BLER), ergodic capacity, and energy efficiency (EE). For all the metrics, we present exact closed-
form expressions along with their asymptotic behavior, some in terms of generalized hypergeometric
functions. Based on the obtained analytical results, we also present a practical application, we derive two
BER- and EE-optimal transmit power allocation strategies, and we discuss the resulting performance
gains. The exactness of our analysis is illustrated by numerical examples, and assessed via Monte-Carlo
simulations for different system and channel parameters. Finally, as a secondary contribution, noting
the increasing popularity of Fox’s H and bivariate H functions, we provide new and generalized codes
for computing these functions which are of practical utility in different contexts.
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2I. INTRODUCTION
Cooperative and multihop communications [1] had arisen as a common solution to increase
the coverage, while preserving high throughput and reliability, with low transmission powers. It
is a potential approach to overcome the severe channel conditions that usually impact Millimeter
wave (mmWave) signals. On the other hand, the drawbacks of multihop relaying (in terms of
increased channel use, coordination overhead, and delay) may be dealt with using optimized
transmission parameters and network protocols in a comprehensive and cross-layer framework.
The double-parameterized Weibull distribution has been shown to model accurately narrow-
and large-band small scale fading channels [2], [3]. Moreover, the scale parameter can be modeled
as a lognormal distribution. As a result, the Weibull distribution can be used to model mmWave
communications: cellular and IoT.
Millimeter wave communications [4] (and references therein) have gained great interest as
a key enabler technology for the fifth generation (5G) of mobile communication systems. The
mmWave band offers large unlicensed bandwidths to answer the huge demand for increased
capacity, and higher spectral-efficiency. In addition, it presents interesting anti-interference abil-
ities, together with the new spatial processing techniques allowed by the short wavelengths.
While this band was under-utilized in the previous wireless systems—mainly due to practical
implementation limitations, cost, and stability—it is nowadays very attractive thanks to cost-
effective hardware technologies, and novel directional high-gain antennas. Given their short
range and weak penetration over different materials, mmWaves also offer efficient spectrum
utilization and secure transmissions.
Besides the heavy path loss in the mmWave band, large scale blockage is a real challenge
too. Even though, these drawbacks can be exploited to increase the efficiency of heterogeneous
networks. The main model of the path loss in the mmWave band is the well-known log-normal
distribution, whose the parameters were computed using collected data from the measurement
campaigns in [5]. On the other hand, several models are proposed for the blockage effect in the
mmWave band. Some of them are summarized in [6, sec. III].
There is a significant amount of work on the performance analysis of multihop relaying
communications. We only list a few here that are in line with the perspective of this work. For
instance, in [7], the authors have analyzed the performance of multihop relaying systems over
Weibull fading channels in terms of bit error ratio (BER) and outage probability. However, the
3authors considered the amplify-and-forward (AF) strategy, and based their analysis on an ap-
proximation of the end-to-end signal-to-noise ratio (SNR) resulting in a lower-bound discussion.
A similar analysis of the BER and outage probability over multihop Weibull fading channels
was also conducted in [8], but in the context of free-space optical communications with only
binary pulse position modulations.
Millimeter Wave multihop communications are of interest in access, backhaul networks, and
hybrid mode (self-backhauling). In [9], an initial access procedure in mmmWave cellular systems
is studied, taking into considerations the directional and omni-directional links and system losses.
The authors of [10], [11] present and analyze dynamic resource assignment procedures for
multihop communications in the mmWave band.
In the context of power allocation optimization, the authors of [12] have presented a dual-hop
optimization study of amplify-and-forward relaying systems over Weibull fading channels using
multiple antennas. For both amplify-and-forward and decode-and-forward relaying strategies,
the authors of [13] have analyzed the performance of multihop communication systems over
Nakagami-m fading, and proposed power allocation schemes maximizing the energy efficiency.
To the best of our knowledge, the performance of regenerative multihop schemes, over the
mmWave Weibull-modeled fading channels, remains an open problem, especially in terms of
error probabilities with high-order M-ary quadrature amplitude modulation (QAM) that is of
interest in modern and emerging communication systems. This paper completes and extends our
effort in [14], [15].
In this paper, we propose a comprehensive performance analysis framework of multihop
communications over Weibull-fading channels. The paper presents an exhaustive discussion
of the major performance analysis metrics, from the exact closed-form expressions, to the
asymptotic and more insightful bounds, that are of interest for systems designers and engineers.
In addition, the presented framework provides methodological guidelines towards the analysis
and optimization of modern systems, where multihop and cooperative communications scheme
are natively supported in many use cases. The contributions in this work can be summarized in
the following points:
• We generalize and extend the performance analysis framework in [14], [15] to real-valued
Weibull shape parameters. This new overview provides a compact and handy survey of
the common metrics, all in one place for interested readers from the performance analysis
community. All expressions are presented in terms of the single variate and bivariate Fox H-
4functions and the trivariate Meijer G-function. In addition, the asymptotic expressions
are simple and offer tractable tools to solve resource allocation and system optimization
problems.
• We highlight the effect of the path loss and the blockage facing mmWave signals.
• We exploit the obtained results to derive two optimal transmit power allocation strategies.
We show that considerable performance gains can be obtained with these allocation schemes,
when compared to a uniform allocation for example.
• We provide and discuss a rich set of numerical results reflecting a wide selection of
applications in 5G and Internet of Things (IoT) eco-systems.
• Finally, and as a secondary yet important contribution, we implement the Fox H and
bivariate H-functions in Matlab with generalized contours that are independent of the
function parameters. Our codes, unlike a few existing versions that are very dependent
on the numerical examples of the context where they were developed, would be of interest
and may be readily used by a broader community.
The remainder of this paper is organized as follows. Section II introduces the proposed
system model and the adopted notations. Next, the expressions of the analyzed performance
metrics are derived in section III. Specifically, exact and asymptotic expressions for the outage
probability, BER, SER, BLER, ergodic capacity, and EE are derived. Some of the obtained
results are used in section IV to derive optimal power allocation strategies for the multihop
schemes. Numerical examples along with simulation results, using our implementation of the
hypergeometric functions, are presented in section V. Section VI summarizes some possible
extensions of this paper and section VII concludes the it. Finally, in appendices we include the
new Matlab implementation codes for Fox H and bivariate H-functions.
II. SYSTEM MODEL
In this work, we consider a cooperative transmission from a source node (S) to a destination
(D) through (N − 1) regenerative1 relay nodes Ri, i = 1, . . . , N − 1, as shown in Fig. 1. We
1In general, two main relaying classes are available for cooperative communications, namely, the non-regenerative and the
regenerative strategies [16]. In this work, we adopt the popular regenerative “detect-and-forward” (DetF) relaying scheme [17],
where the relays re-transmit (without decoding and re-encoding) the demodulated binary sequences. The adoption of DetF is
motivated by its simplicity, reduced delay, and interesting performance with lower processing complexity and channel state
information constraints [18].
5assume that all nodes are operating in the half-duplex mode, with the same modulation order M ,
and that all transmissions are orthogonal2, e.g., over different time or frequency resources. Each
receiving node considers only the previous adjacent transmitter, and the direct link between (S)
and (D) is not taken into consideration (i.e., no signal is received at the destination directly from
the source because of considerable path loss).
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Fig. 1. Adopted system model with (N−1) regenerative multihop relays.
The transmitted signal from the source node is denoted by x, while yi and x˜i are, respectively,
the received and transmitted signals at the i-th node, and y is the received signal at the destination.
Thus, we can express the communication over the i-th link, i = 1, . . . , N , under the form
yi =
√
P ti−1Bi
Li gix˜i−1 + ni = hix˜i−1 + ni, (1)
where x˜0 = x, yN = y, and ni denotes the zero-mean additive white Gaussian noise (AWGN)
at the i-th node, with the same variance N0 over all links. The distance between the source (S)
and the destination (D) is d, and the distance between adjacent nodes is di, for i = 1, . . . , N .
The communication between the nodes i− 1 and i is subject to a path-loss Li given by [19]
Li[dB] = α + 10.β. log10(d), (2)
where α and β are given by [19, Table 1] for 28GHz and 73GHz mmWave bands. Bi represents
the blockage probability from the 3GPP model [20] given by
Bi = min
(
18
di
, 1
)(
1− e−di63
)
+ e
−di
63 , (3)
2Although this is not the optimal serial transmission protocol, it is adopted to simplify the analysis and avoid all the
considerations that are out of the scope of the contribution of this paper.
6for urban areas, and Bi = exp
(−di
200
)
for suburban areas. Where di is expressed in meters.
Channel coefficients gi are assumed to be perfectly known at the receiver, since channel
estimation is out of scoup here. The coefficients are also assumed to follow independent but not
necessarily identically distributed (i.n.i.d.) flat Weibull fading profiles with parameters (βi,Ωi).
The instantaneous signal-to-noise ratio (SNR) over the i-th hop at the receiver may be written
as γi = |g|2iγi, where γi = Pti−1Bi/N0/Li denotes the average SNR at the i-th node which is
transmitting with a power of Pti . This SNR is also Weibull distributed [21] with parameters
(βi/2, γiΩ
2
i ). Its probability density function (PDF) is
pγi(γ) =
αi
φi
γαi−1 exp
(−γαi
φi
)
, (4)
where αi = βi/2 and φi = (γiΩ
2
i )
αi . The cumulative distribution function (CDF) is
Fγi(γ) = 1− exp
(−γαi
φi
)
. (5)
We introduce also the notation γ = [γ1, γ2, . . . , γN ].
III. COMPREHENSIVE PERFORMANCE ANALYSIS
A. Outage Probability
For the proposed system, an end-to-end outage event occurs when at least one hop go into
an outage, namely the transmission rate ̺ of the i-th hop is higher than the mutual information
over the equivalent channel between the transmitting and receiving nodes. The end-to-end outage
probability can be written, for an outage SNR threshold γth = 2
̺ − 1, as
Pout = Pr [min (γ1, . . . , γN) ≤ γth] , (6)
= 1− Pr [min (γ1, . . . , γN) ≥ γth] (7)
= 1−
N∏
i=1
(1− Fγi(γth)) , (8)
Substituting (5) in (8) yields the following compact closed-form expression for the end-to-end
outage probability
Pout = 1− exp
(
−
N∑
i=1
γαith
φi
)
. (9)
For low γth values, (9) can be approximated by
Pout ≃
N∑
i=1
γαith
φi
. (10)
7Assuming identical channel parameters (φi = φ, αi = α for all i = 1, . . . , N), the outage
probability can be further simplified to
Pout ≃ Nγ
α
th
φ
. (11)
One direct application of this expression, if a given outage probability target Π is fixed, would
be for example the minimum number of hops between the source and the destination
N =
⌊
φΠ
γαth
⌋
, (12)
where ⌊.⌋ denotes the floor function.
B. Bit Error Rate
For regenerative relays, it was shown in [22] that BER can be expressed in terms of the
average BER values of each hop
BER =
N∑
i=1
BERi
N∏
j=i+1
(
1− 2BERj
)
, (13)
where BERi stands for the average BER of the individual i-th hop.
Closed-form exact analysis: Over fading channels, BERi is
BERi =
∫ +∞
0
Pb(γ) pγi(γ)dγ, (14)
where, in our case, pγi(·) is given by (4), and Pb(·) denotes the exact instantaneous BER of
an M-QAM transmission over a Gaussian channel, which was derived in [23] for an arbitrary
order M under the form
Pb(γ) =
1
log2
√
M
log2
√
M∑
m=1
Pb(γ,m), (15)
with
Pb(γ,m) =
1√
M
νm∑
n=1
Φm,n erfc (
√
ωnγ) , (16)
νm = (1− 2−m)
√
M − 1, ωn = 3(2n+1)
2 log2M
2M−2 , and Φm,n = (−1)⌊
n2m−1√
M
⌋
(
2m−1 − ⌊n2m−1√
M
+ 1
2
⌋
)
.
Hence, the i-th hop BER can be written as
BERi =
1√
M log2
√
M
log
2
√
M∑
m=1
νm∑
n=0
Φm,nζn,i, (17)
8where
ζn,i =
∫ +∞
0
erfc (
√
ωnγ)pγi(γ)dγ (18)
=
αi
φi
∫ +∞
0
γαi−1 erfc (
√
ωnγ) exp
(−γαi
φi
)
dγ. (19)
To evaluate this integral, we express the exp(·) and erfc(·) functions, under its generalized
Fox H-function3 representation,
exp(−x) = H1,00,1

x
∣∣∣∣∣∣
—
(0, 1)

 and erfc(√x) = 1√
π
H2,01,2

x
∣∣∣∣∣∣
(1, 1)
(0, 1), (1/2, 1)

. (20)
Then using [24, Theorem 2.9] we get
ζn,i =
αiω
−αi
n√
πφi
H1,22,2

φiω−αin
∣∣∣∣∣∣
(1− αi;αi), (1/2− αi;αi)
(0, 1), (−αi, αi)

. (21)
By substituting (21) in (17), and then in (13), we obtain a closed-form expression for BER.
A general Matlab code to implement Fox H-function is provided in Appendix A.
Asymptotic analysis: The asymptotic analysis4 of the BER may be done using residue ap-
proach as in [25]. Then, (21) becomes for high γi values
ζn,i =
γi→∞
ω−αin√
πφi
Γ
(
1
2
+ αi
)
. (22)
By replacing (22) in (17), we get
BERi =
γi→∞
Γ
(
1
2
+ αi
)
φi
√
πM log2
√
M
log2
√
M∑
m=1
νm∑
n=0
Φm,nω
−αi
n . (23)
One direct application of this result is the diversity order of each hop
δi = − lim
γi→∞
log BERi(γi)
log γi
= αi, (24)
and, using (13) and (17), we get the diversity order of the end-to-end system
δe2e =
N
min
i=1
(αi) . (25)
3The adoption of generalized functions (like the hypergeometric functions family, Meijer G-function, Fox H-function) is
gaining in popularity both in software computation tools (like Mathematica and Matlab) and among the performance analysis
community. We also adopt this efficient and accurate computational approach in the present work.
4We note that the asymptotic behavior of the resulting hypergeometric functions may be obtained using a direct expansion [24,
Th. 1.7 and 1.11], but this requires the satisfaction of restricted conditions. Consequently, we adopt a general method using the
residue theorem, as explained in [25].
9Since
∏N
j=i+1
(
1− 2BERj
)→ 1 for high values of γi (i = 1, . . . , N), (13) can be simplified
to
BER =
γ→∞
N∑
i=1
Γ(1
2
+ αi)√
πM log2
√
M
(
N0Li
PtiBiΩ
2
i
)αi log2√M∑
m=1
µm∑
n=1
Φm,n
ωαin
. (26)
Outdated CSI: Due to the outdated channel state information at the receiver, the fading effect
can not be compensated. The resulting signal at the output of the equalizer is
y′i =
gi
g˜i
x˜i−1 + n
′
i , (27)
where gi is the channel coefficient, g˜i is the estimated fading which, due to the fast fading, is
correlated with the true realization gi. n
′
i is the noise after the regulation, its variance N
′
i = 1/γi.
Since |gi|2 and |g˜i|2 are also Weibull RVs correlated with a factor of ρ. We begging by using
the result in [26], to get the PDF of Gi = |gi|2/|g˜i|2 defined as
pGi(z) =
∫ +∞
0
xp|gi|2,|g˜i|2(zx, x) dx (28)
=
α2i
(1− ρ)Ω2i
zαi−1
∫ ∞
0
x2αi−1 exp
(−(zαi + 1)xαi
(1− ρ)Ωi
)
I0
(
2
1− ρ
√
ρ
zαix2αi
Ω2i
)
dx (29)
=
αi(1− ρ)zαi−1(zαi + 1)
(z2αi + (2− 4ρ)zαi + 1)3/2
, (30)
= π(1− ρ)αizαi−1H1,0;1,0;1,01,0;0,1;1,3

zαi, ρzαi
∣∣∣∣∣∣
(−1;1,2)
(—)
| (—)
(0,1)
| (
1
2
,1)
(0,1),(0,1),(1
2
,1)

. (31)
Hence the PDF of the instantaneous SNR of the i-th hop γ˜i = Gi/N
′
i = γiGi is
pγ˜i(γ) =
π(1− ρ)αi
γαii
γαi−1H1,0;1,0;1,01,0;0,1;1,3

γαi
γαii
,
ργαi
γαii
∣∣∣∣∣∣
(−1;1,2)
(—)
| (—)
(0,1)
| (
1
2
,1)
(0,1),(0,1),(1
2
,1)

. (32)
Integrating (30) we get the CDF of γ˜i as
Fγ˜i(γ) =
1
2
+
1
2
γαi − γαii√
γ2αi + (2− 4ρ)γαii γαi + γ2αii
(33)
With the same notations as (17), the BER of the i-th hop in this case is thus
BERi =
1√
M log2
√
M
log2
√
M∑
m=1
νm∑
n=0
Φm,nζ˜n,i, (34)
ζ˜n,i =
∫ +∞
0
erfc (
√
ωnγ)pγ˜i (γ) dγ. (35)
10
Using the short hand notation ∆ = γ−αii ω
−αi
n we get (35) in closed form by using [27, Eq. 2.1]
ζ˜n,i =
√
π(1− ρ)
(αi∆)
−1 H
2,0;1,0;1,0
3,1;0,1;1,3

∆, ρ∆
∣∣∣∣∣∣
(1−αi;αi,αi),( 12−αi;αi,αi),(−1;1,2)
(−αi;αi, αi)
| (—)
(0, 1)
| (
1
2
,1)
(0, 1), (0, 1), (1
2
, 1)

.
(36)
Beamforming: Although not the focus of this work, we here discuss the impact of beamform-
ing enhanced directivity, since it is a key enabler for mmWave communications. In this case the
channel model should be revisited.
Each node is equipped with a high number of antennas, and it is using t transmitting antennas
and r < t receiving ones. At the i-th hop, we suppose that the channel matrix Hi, Weibull
randomly distributed, is perfectly known at the transmitter and the receiver. The singular-value
decomposition of the channel matrix is Hi = rUi.Si.V
H
i , where Ui and Vi are r × r and
t × r matrices, .H is the Hermitian transpose symbol, and Si = diag(σi,1, σi,2, ..., σi,r) where
σi,1 ≥ σi,2 ≥ ... ≥ σi,r > 0 are the ordered singular values of Hi/r.
The streamed set of r symbols Xi = [xi,1, xi,2, . . . , xi,r]
T is precoded using Vi, where xi,1, xi,2,
. . . , xi,r are the modulated symbols, and .
T is the transpose symbol. Hence the sent signal at the
i-th hop is X i = ViXi.
The receiver gets the signal Y i =
√
P ti−1Bi/LiHi.X i + Wi =
√
P ti−1Bi/LiUiSiXi + Wi,
where Wi is the noise vector at the receiver. Multiplying by
√Li/P ti−1/BiUHi from the left we
get as a result Y˜i = SiXi + W˜i, namely, the k-th signal at the receiver is
Y˜i,k = σi,kxi,k + wi,k, k = 1, ..., r. (37)
Thus, the SNR at each receiving antenna can be written as
γi,k = σ
2
i,kγi,k, k = 1, ..., r, (38)
where γi,k is the average SNR for the i-th hop at the k-th receiving antenna. Assuming large
number of antennas, according to the Marcˇenko Pastur law [28], the PDF of γi,k converges
almost surely to
fi,k(x) = (1− c)+δ(x) + 1
2πcs2ix
√
(b− x
γi,k
)+(
x
γi,k
− a)+, (39)
where δ(.) is the Dirac delta function, (x)+ = max(0, x), c = r/t, a = (1−√c)2, b = (1+√c)2,
and si is the standard deviation of Hi.
11
Finally, the average BER of the i-th hop is
BERi =
2√
M log2
√
M
log2
√
M∑
m=1
νm∑
n=0
Φm,n
∫ ∞
0
fi,k(x) erfc (
√
ωnx) dx (40)
=
2√
M log2
√
M
log2
√
M∑
m=1
νm∑
n=0
Φm,n
√
a′b′
2πcs2i
Ja,b,n, (41)
where a′ = aγi,k, b
′ = bγi,k, and
Ja,b,n =
∫ b′
a′
√
(1− x/b′)(x/a′ − 1
x
erfc (
√
ωnx) dx. (42)
This integral can be evaluated in terms of trivariate Mejer G function by expressing all the
functions using their representation through Meijer G;
erfc(
√
ωnx) =
1√
π
G2,01,2

ωnx
∣∣∣∣∣∣
1
0, 1/2

,
√
1− x
b′
=
√
π
2
G1,01,1

x
b′
∣∣∣∣∣∣
3/2
0

, and √ x
a′
− 1 =
√
π
2
G0,11,1

 x
a′
∣∣∣∣∣∣
3/2
0

.
(43)
By expressing each Meijer G function by its integral form then interchanging the integrals we
finally get
Ja,b,n =
π
4
G0,1;1,0;0,1;2,01,1;1,1;1,1;1,2

1, b′
a′
, b′ωn
∣∣∣∣∣∣
1
0
|3/2
0
|3/2
0
| 1
0, 1/2


−π
4
G0,1;1,0;0,1;2,01,1;1,1;1,1;1,2

a′
b′
, 1, a′ωn
∣∣∣∣∣∣
1
0
|3/2
0
|3/2
0
| 1
0, 1/2

.
(44)
C. Symbol Error Rate
To alleviate the presentation, we refer the reader to [29] where the authors have derived the
SER of M-QAM communications using regenerative relays over Nakagami-m channels. Here,
we use the same approach.
Closed-form exact analysis: The calculations of the SER reduce to the following integral5
ISERi =
+∞∫
0
Q (A
√
γ)Q (B
√
γ) pγi(γ)dγ, (45)
5This is quite obvious considering rectangular QAM constellations, and averaging over the fading distribution.
12
where A and B are two positive constant coefficients (note that they cannot be both zero), and
pγi(.) is given by (4). To evaluate (45), two cases need to be differentiated:
• A×B = 0: we denote C = max(A,B). This case is similar to (19), and hence
ISERi (C) =
αi
4φi
√
π
(
2
C
)αi
H1,22,2

 1
φi
(
2
C
)αi ∣∣∣∣∣∣
(1− αi, αi), (12 − αi, αi)
(0, 1), (−αi, αi)

. (46)
• A× B > 0: In this case, we replace the Q-function and the exponential with their Fox H-
Function representations, and using [27, eq. 2.3], we get the closed-form expression of (45) in
terms of the bivariate Fox H-Function
ISERi (A,B) =
αi
4φiπ
(
2
A
)αi
H2,0;2,0;1,02,1;1,2;0,1

B
A
,
(
2
A
)αi
φi
∣∣∣∣∣∣
(1−αi;1,αi),( 12−αi;1,αi)
(−αi; 1, αi)
| (1,1)
(0, 1), (1
2
, 1)
| (—)
(0, 1)

.
(47)
A general Matlab code to implement the bivariate Fox H-Function in Appendix B.
Asymptotic Analysis: To derive the asymptotic expressions of (46) and (47), we again reuse
the residue method and, after a few mathematical derivations (that we omit here for space
limitations), we get
ISERi (C) =
γi→∞
1
4φi
√
π
Γ (1/2 + αi)
(
2
C
)αi
, (48)
and
ISERi(A,B) =
γi→∞
−αi
8φiπ2
(
2
A
)αi
G2,23,3

B
A
∣∣∣∣∣∣
αi, 1/2 + αi, 1
0, 1
2
, 1 + αi

, (49)
where the Meijer G-Function [30] is used.
Apart from their simplicity, we emphasize the usefulness of these asymptotic expressions
especially in terms of computation time for high-order modulations compared to [29, eq. 17]
and (47) are time-consuming.
D. Block Error Rate
In this case we are assuming that the fading channel stays invariant for a duration of a block;
TB = lTs, where TB is the block time, Ts is the symbol time, and l is the number of symbols
per block called also channel uses (c.u.).
The end-to-end block error rate (BLER), noted E , is defined recursively as
E = E(D) = E(RN−1) + (1− E(RN−1))EN , and E(R1) = E1 (50)
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whereE(RN) is the cumulated BLER at the k-th node and Ei is the average individual BLER of
the i-th hop.
Given this definition we can express the average end-to-end BLER in function of the average
individual BLER of each hop only. To do so, we can observe that
E =
N∑
i=1
Ei −
N∑
i=2
E(Ri−1)Ei. (51)
By recurrence it can be shown that
E =
N∑
i1=1
Ei −
N∑
i1=1
N∑
i2=i1+1
Ei1Ei2+
N∑
i1=1
N∑
i2=i1+1
N∑
i3=i2+1
Ei1Ei2Ei3 + . . .+
+ (−1)k−1
N∑
i1=1
N∑
i2=i1+1
· · ·
N∑
ik=ik−1+1
k∏
j=1
Eik + . . .+ (−1)N−1
N∏
j=1
Eik , (52)
which can be compacted to
E =
N∑
i=1
(−1)i−1
(Ni )∑
j=1
∏
k∈Si,j
Ek, (53)
where Si,j = {k1, k2, . . . , ki}j such 1 ≤ k1 < k2 < · · · < ki ≤ N. Si,j represents the j-th set of
the
(
N
i
)
sets with i elements chosen from {1, 2, . . . , N}.
It remains only to determine the expression of the average individual BLER of each hop. It
is defined [31] for the i-th hop as
Ei =
∫ +∞
0
Q
(
(C(γ)− ̺)√
V (γ)/l
)
pγi(γ) dγ, (54)
where ̺ is the transmission rate,
C(γ) = log2(1 + γ), and V (γ) =
γ(γ + 2)
(γ + 1)2
(log2 e)
2 . (55)
It is clear that the integral in (54) is very challenging to compute in closed-form. The linear
approximation of the term with the Q-function seems to be very helpful;
Q
(
(C(γ)− ̺)√
V (γ)/l
)
≈


1 γ ≤ γ-
1
2
− λ√l(γ − γth) γ- < γ < γ+
0 γ+ ≥ γ
, (56)
where λ = 1
2π
√
22̺−1 , γth = 2
̺ − 1, and γ± = γth ± 12λ√l .
Hence the integral (54) becomes
Ei = λ
√
l
∫ γ+
γ-
Fγ(γ) dγ = 1− λ
√
l
αi
φ
1
αi
i
(
Γ
(
1
αi
,
γαi-
φi
)
− Γ
(
1
αi
,
γαi+
φi
))
. (57)
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E. Ergodic Capacity
The ergodic capacity corresponds to the maximum long-term achievable rate averaged over
all states of the time-varying channel. In the present context of multihop communication with
regenerative relays, the average ergodic capacity can be expressed as
C = min
i=1,...,N
Ci, (58)
where C i is the bandwidth-normalized average ergodic capacity of the i-th hop, given by
Ci =
∫ +∞
0
log2(1 + γ) pγi(γ) dγ. (59)
Closed-form exact analysis: In order to evaluate the integral in (59), we express the exp(·) (20)
and the log(·) functions through the Fox H-function representation,
log (1 + x) = H1,22,2

x
∣∣∣∣∣∣
(1, 1), (1, 1)
(1, 1), (0, 1)

 (60)
and using [24, Theorem 2.9], we get (59) in closed-form
Ci =
αi
φi log 2
H3,12,3

 1
φi
∣∣∣∣∣∣
(−αi, αi), (1− αi, αi)
(0, 1), (−αi, αi), (−αi, αi)

. (61)
Asymptotic expression: For high values of γi, recalling that φi = (γiΩ
2
i )
αi , the asymptotic
behavior of (61) can be performed by using again [25, sec. IV]
Ci =
γi→∞
Ψ0 (1)
αi log 2
+ log2 (φi) (62)
where Ψ0 (.) denotes the digamma function [32].
F. Energy Efficiency
Closed-form exact analysis: Without loss of generality, we adopt the definition of energy
efficiency (EE) based on the consumption factor metric [33]. For the proposed system model,
the end-to-end bandwidth normalized EE can be expressed as
EEe2e = 1
PT
log (1 + γe2e) , (63)
where γe2e = mini=1,...,N γi denotes the equivalent instantaneous end-to-end SNR. While PT is
the total consumed power in the system (circuit and transmission powers) PT = Pc+
∑N−1
i=0 P
t
i ,
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where Pc is referring to the circuit power consumed during the transmission (P
t
c), reception (P
r
c),
modulation (Pmc ), demodulation (P
d
c ), and in the idle mode (P
i
c). Thus
Pc =
N−1∑
i=0
(
Ptc,i + P
m
c,i
)
+
N−1∑
i=0
(
Prc,i + P
d
c,i
)
+
N∑
i=0
Pic,i (64)
=N
(
Ptc,1 + P
r
c,1 + P
m
c,1 + P
d
c,1
)
+ (N + 1)Pic,1, (65)
where it is implicitly assumed in (65) that all nodes have a similar power consumption profile.
The average EE may be obtained directly from (63) as
EEe2e = E [EEe2e] = 1
PT
∞∫
0
(1−Fγe2e (ex − 1)) dx, (66)
where E[·] stands for the mathematical expectation and
Fγe2e(γ) = Pr
(
min
i=1,...,N
γi ≤ γ
)
= 1−
N∏
i=1
(1−Fγi (γ)) = 1− exp
(
−
N∑
i=1
γαi
φi
)
. (67)
To proceed further with the derivation of EEe2e, we suppose that αi = α, i = 1, . . . , N . Then,
taking the simplified form of (67) into consideration in (66), and using the short hand notation
ψ = 1/
∑N
i=1 (1/φi), we get
EEe2e = 1
PT
∞∫
0
exp
(
−(e
x − 1)α
ψ
)
dx =
1
PT
∞∫
0
1
v + 1
exp
(
−v
α
ψ
)
dv
=
1
PT
∞∫
0
H1,11,1

v
∣∣∣∣∣∣
(0, 1)
(0, 1)

H1,00,1

vα
ψ
∣∣∣∣∣∣
—
(0, 1)

 dv
=
1
PT
H2,11,2

 1
ψ
∣∣∣∣∣∣
(0, α)
(0, 1), (0, α)

. (68)
Asymptotic expression: Thanks to the residue approach once again, we can easily obtain an
asymptotic expression for the end-to-end EE as
EEe2e ≈ 1
αPT
(
Ψ0 (1) + ln
(
N∑
i=1
1
φi
))
. (69)
IV. POWER ALLOCATION OPTIMIZATION
Now, we exploit some of the obtained asymptotic expressions to derive optimal power alloca-
tion (PA) strategies for the adopted scheme. This same methodology can be used in the design
of practical multihop configurations from 5G or IoT use cases. To simplify the analysis, we
assume that all hops have the same shape parameter, namely αi = α, i = 1, . . . , N.
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A. BER-optimal power allocation
As a reference for comparison, we first derive the optimal power allocation strategy minimizing
the BER given a total transmit power budget, i.e., the following problem needs to be solved
min
P t
0
,P t
1
,...,P t
N−1
BER s.t.


∑N−1
i=0 P
t
i = Pmax
Pi > 0, i = 0, . . . , N − 1
(70)
where Pmax is the maximal transmission power budget of the system. Using result in (26) and
the notation ϕ = Γ(1/2 + α)/(
√
πM log2
√
M), we get the Lagrangian cost function as
Jber =
N∑
i=1
ϕ
(
N0Li
BiP
t
i−1Ω
2
i
)α log2√M∑
m=1
µm∑
n=1
Φm,n
ωαn
+ λber
(
N∑
i=1
Pti−1 − PT
)
, (71)
where λber is the Lagrange multiplier. The N + 1 Karush-Kuhn-Tucker (KKT) conditions can
be expressed as

∂Jber
∂Pti−1
= −ϕ
(
N0Li
BiΩ2i
)α (Pti−1)−α−1
α
×
log2
√
M∑
m=1
µm∑
n=1
Φm,n
ωαn
+ λber = 0
∂Jber
∂λber
=
N∑
i=1
Pti−1 − PT = 0;
(72)
yielding to a system of equation whose solutions, i.e., the optimal transmit powers, are easily
obtained as
λber =
(
PT∑N
n=0An
)−α−1
and Pti−1 =
Ai∑N
n=0An
PT, i = 1, . . . , N, (73)
where, for n = 1, . . . , N ,
An =

(N0Ln
BnΩn
)α
ϕ
log2
√
M∑
m=1
µm∑
n=1
Φm,n
ωαn


1/(α+1)
. (74)
B. EE-optimal power allocation
In this subsection we derive the power allocation maximizing the energy efficiency of our
system, expressly
min
P t
0
,P t
1
,...,P t
N−1
− EEe2e s.t.


∑N−1
i=0 P
t
i ≤ Pmax
Pti > 0, i = 0, . . . , N − 1
(75)
The Lagrangian of this problem is
Jee = −EE e2e
(
Pt0,P
t
1, . . . ,P
t
N−1
)− λee
(
N−1∑
i=0
Pti − Pmax
)
(76)
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where λee is the Lagrange multiplier in this case. The N + 1 KKT conditions are then

∂Jee
∂Pi−1
− λee = 0
N−1∑
i=0
Pti − Pmax = 0
or, more explicitly


ajP
t
j−1
−α−1∑N
i=1 aiP
t
i−1
−α = λee/E0, j = 1, . . . , N
N∑
i=1
Pti−1 = Pmax
(77)
where E0 = 1/PT, and ai = (N0Li/Bi/Ω2i )α for i = 1, . . . , N . The solutions of (77) can be
easily found as
λee =
E0
Pmax
, Ptk−1 =
Pmax∑N
i=1 (ai/ak)
1/(α+1)
, k = 1, . . . , N, (78)
yielding to the optimal transmit powers maximizing the end-to-end EE.
V. NUMERICAL RESULTS
To assess the accuracy of our theoretical analysis, and illustrate the performance of multi-hop
relaying systems in the adopted context of mmWave, we present in this section a few numerical
scenarios of interest, and we compare our analytical results to Monte-Carlo simulations.
A. Setup
In order to facilitate the readability of the figures, we follow this same convention in all figures
when necessary: solid lines represent the exact analytical results, simulations are represented with
markers (only, no lines), and asymptotic expressions correspond to dashed lines. Hence, when
the markers are on a line, this should be interpreted as a perfect match between simulation and
analytical results.
We took into consideration data realistic parameters from ITU, 3GPP, and FCC to reflect
realistic mmWave systems. For instance, we consider the following:
- noise power: −174dBm/Hz,
- single antenna element gain: 5dB,
- receiver front end loss: 4dB,
- roise figure: 5dB.
All the studied metrics are plotted in terms of the equivalent isotropically radiated power (EIRP)
since its values are directly related to the SNR; the user devices maximal EIRP is fixed at
23dBm, the base station maximal peak EIRP value can reach up to 85dBm for high antenna
gains (51dBi), but in general it is limited to 43dBm.
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B. Outage Probability
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Fig. 2. End-to-end outage probability Pout versus the EIRP per hop of multi-hop Weibull fading channels with similar shape
parameters βi = 2. In the legend, the underlined parameter is the changed one compared to the previous scenario.
Fig. 2 shows the end-to-end outage probability over a three-hop channel. Several scenarios
have been studied to highlight some of the system parameters:
• The bandwidth has a horizontal shifting effect on the outage probability of the system for the
reason that it appears only in the noise power: N0[dBm] = −174 + 10 log10(Bw). Whereas
the same applies to the BER, SER, BLER, and ergodic capacity metrics. We consider in
all the remaining figures, when not specified, that is Bw = 200MHz. For other Bw values
(in MHz), the curves can be obtained simply gotten by a horizontally shifting to the right
of 10 log10(Bw/200) dB.
• The distance has a double horizontal shifting effect on the outage probability, since it appears
in the blockage (3) and the path-loss (2) models.
• The increasing number of hops seems to decrease the outage probability. This assessment
is not always true as it will be discussed later for the end-to-end BER.
• In narrow band communications (Bw ∝ 100kHz), for IoT applications, the outage probability
of the end-to-end system seems to have very low values even with low power nodes.
In the figure, it is clear that the implementation of exact closed-form expression (9) matches with
simulation results, confirming the exactness of the analysis. We also note the tight asymptotic
bound for the region of interest from the outage probability point of view namely Pout < 0.1.
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C. Capacity
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Fig. 3. End-to-end bandwidth-normalized average ergodic
capacity C/Bw versus the EIRP per node for a 3 hops
communication system.
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Fig. 4. Ratio of the theoretical end-to-end average ergodic
capacities: R(f1, f2) = C(28GHz)/C(73GHz) versus the
end-to-end distance (d).
Fig. 3 depicts the bandwidth-normalized end-to-end ergodic capacity C as a function of the
EIRP per hop for several scenarios. In this example we are assuming an environment of 3 hops
with similar Weibull fading parameters βi = 2 and Ωi = 1, i = 1...3. The figure shows, as it may
be expected, that the increasing modulation order increases in creases the end-to-end capacity
with a factor related to the difference between the compared modulation orders. Similar to the
outage probability, the distance between the end nodes (S,D) has a discernible impact on the
ergodic capacity.
To compare the capacity of the system in the two frequency bands f1 = 28GHz and
f2 = 73GHz for the same bandwidth Bw = 200MHz, in Fig. 4, we draw the ratio R(f1, f2)
versus the end to end distance d. Here, the communication is established through three hops
with the same distance di = d/3 and similar Weibull parameters in two scenarios; one with an
EIRP of 30 dBm and the other with 50 dBm. It is clear that C(f1) is much greater than C(f2)
since R(f1, f2) > 4. We see also that, the curves’ slopes are similar within the same scenario,
however, R(f1, f2) changes significantly given a small variation of the shape parameter (notice
that the difference between the values of βi is less than 0.08 yet the ratio deviates with around
0.5). The steepness of the curves depends mainly on the SNR represented here with the EIRP.
Nonetheless, this comparison is not fair since we use the same bandwidth value for both the
capacities, yet, the 73GHz range of frequencies offers more bandwidth and it is suitable for very
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small distance ranges. Therefore, to decrease R(f1, f2), optimal bandwidth values and distances
could be chosen.
D. BER
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Fig. 5. End-to-end average bit error ratio BER versus average
EIRP per hop.
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Fig. 6. End-to-end average BER versus the number of hops
N , with βi = 2 and Ωi = 1.
In Fig. 5, we are plotting, in several scenarios, the end-to-end BER of a three-hops mmWave
communication system based on DetF relaying over Weibull fading channels. The figure shows
that the modulation order, the end-to-end distance, and the frequency band are key players in
designing the system based on the BER metric. For an up-link communication for example,
where the device has a maximal EIRP of 23 dBm, it is very hard to work with high order
modulation since the only one bellow 0.1 for a middler communication link (200 meters) is the
4-QAM in the 28 GHz band. However, this issue could be overcome using lower bandwidths
(less than the used 200MHz) as it is in general not needed in the up-link or low power-narrow
band communications, for many IoT applications, as an example, a 180kHz bandwidth (the
adopted bandwidth value in UL NB-IoT [34]) would subtract more that 30dB from the X-axis
to get acceptable BER values.
Fig. 6 gives insight on the effect of the number of hops on the end-to-end BER. In general the
increasing number of hops tends to decrease the end-to-end BER, this fact is true for high SNR
values which is the general case of the down-link communications. Concerning the the up-link
zone (with less than 23 dBm for the user devices) the BER tends to increase while increasing
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modulation highlighting the context of outdated CSI and beam-
forming.
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the number hops, for instance, two system with 20 dBm nodes where the first uses a one hop
communication and the second uses three hops give approximately the same end-to-end BER.
Fig. 7 depicts the effect of outdated CSI with correlation factor of ρ = 0.95. It is clear from
the figure that degraded end-to-end average BER due to the delayed channel state data converge
to the same value for higher SNR values, since the effect of additive noise becomes insignificant
compared to the outdated CSI. On the obverse side, beamforming has increased the system’s
performance with the same power allocated to the single antenna transmission especially to
effectiveness of beamforming against multipath degradation, not to mention the increased gains
at the transmission and reception. Note that we supposed perfect coupling between antennas.
E. SER
In Fig. 8, we present in several scenarios the average end-to-end SER of a dual-hop commu-
nication (β1 = 1, β2 = 2) versus the EIRP per hop of the proposed system:
- The results confirm the vulnerability of the mmWave signals to the distance but for small
distances, ideal environment of IoT applications, it is very promising.
- An other major issue seems to affect this kind of communication is the modulation, it obvious
the gap between different modulation orders especially from 4-QAM to 16-QAM which decreases
while increasing the modulation order. This is understandable, by the reason of the fact that the
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4-QAM modulation is mainly vulnerable to the AWGN and the phase noise as the boundaries
go through the constellation center, while higher modulation are also vulnerable to all the other
metrics.
- The frequency band has also a perceptible effect similarly to the other metrics.
Again, the perfect match between analytical and simulated results, and the tight correspondence
between exact and asymptotic analysis, can be appreciated from the figure.
F. BLER
Fig. 9 displays the evolution of the BLER in terms of the EIRP. In the figure we highlight
some system parameters effect on this metric. First we must note that the approximation of the
Q-function (56) gives good results with an accuracy depending on ̺ and the number of hops.
Like the other metrics, the BLER tends to deteriorate when increasing the modulation order.
However, high modulation orders have promising results with low distance communications or
increasing number of hops.
Large bandwidth communications tend to worsen the BLER due to the accumulated noise
through the entire bandwidth. In an other hand, nodes communicating over the 1MHz bandwidth
show lower BLER values, hence better anti-error performance.
Finally, we used relatively small values of the number of c.u. l to tackle a little bit the ultra-
reliable low latency communications (URLLC) as a key enabler of the next cellular networks
generation. It seems to have noticeable impact, however minimal, on the end-to-end BLER.
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G. EE
The power inventory to get the total consumed power by the system has been done with the
help of results from recent researches [35]–[41] on mmWave transceivers. The circuit and the
transmit powers range from a few tens of milliwatts to a few watts depending on the application.
The power consumed in the idle mode drops to less than 1% of the consumed power in the
connected mode. In the reminder of this subsection, with the exception of the last figure, we are
assuming that the total circuit power consumed in each node equals to 0.5W.
In Fig. 10, the end-to-end bandwidth-normalized energy efficiency (BwNEE) is represented
in eight scenarios as a function of the average EIRP per hop. The figure highlights the effect
of the end-to-end-distance (d), adjacent node distances (di), number of hops (N), the frequency
band (f1 and f2), and the shape parameter (α). The figure shows, from S3 and S4, that distinct
distributions of the nodes along this distance affects significantly the BwNEE of the system.
Using the proposed power allocation optimization, as illustrated by S4 and S5, the BwNEE
has considerably increased. We may also notice, from comparing S0 and S1, that the system
becomes less energy efficient when the channel conditions become better (increasing α) for low
values of the EIRPP (less than 25dBm) which may be beneficial for the up-link. By studying
S1, S2, and S3 we perceive that the increased number of hops decreases system’s BwNEE.
The previous observations about the shape parameter and the number of hops may be mis-
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leading, in fact, as shown in Fig. 11, where we plot the BwNEE versus the number of hops and
the EIRP per hop for two values of the shape parameter (α = βi/2 = 1 and α = βi/2 = π/2).
The figure shows that the behavior of system’s BwNEE depends on all the parameters. This
weired behavior of the BwNEE is due to the fact that the transmitting power has a dual role; an
advantage inside the SNR and acts harmfully within the total consumed power of the system.
Finally, in Fig. 12 we studied the energy efficiency of low-power (LP) narrow-band (NB)
communications, emulating an IoT environment. We notice that increasing the bandwidth results,
in general, in a significant increasing in the energy efficiency of the system. However, in long
distance (400m) communication very LP (Pc = 100mW) 180kHz system (NB-IoT [34] like
scenario) becomes much energy efficient than LP (Pc = 200mW) 1.4MHz (CAT-M1 [34] like
scenario). For low distances, adding relaying nodes seems to be without interest in terms of the
EE, it becomes more interesting when the end nodes (S and D) become far away.
VI. EXTENSIONS DISCUSSION
Several techniques and aspects of the next generation of mobile networks are not taken
into consideration or are not investigated in details due to the lack of space, but are part of
upcoming extensions of this work. A non exhaustive list of these aspects can be summarized in
the following.
A. Directivity
Beamforming is one of the main key enablers of the fifth generation. Some aspects that can
be investigated to extend this work are:
• a more sophisticated analytical analysis of the impact of beamforming,
• optimizing the pilot allocation to reduce the effect of pilot contamination,
• highlighting the effect of AoA/AoD estimation on the system,
• multi-user and access techniques in respect to multiple antenna communication.
B. Channel estimation effect
The channel estimation in a mmWave context represents a real challenge especially when
coupled with massive MIMO schemes. Besides outdated CSI, the effect of CSI can be discussed
from several other points of view:
• limited feedback communication,
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• erroneous channel estimation,
• pilot contamination effect.
C. Interference
As a performance limiting factor, this work can be extended by including the interference
aspects into the analysis. This can be done assuming:
• full-duplex relays, and analyzing the effect of the residual interference,
• inter node interference, as a result of scheduling scheme,
• different recently proposed waveforms.
VII. CONCLUSION
In this paper, we analyzed and discussed the performance of multihop regenerative relaying
in the context of mmWave communications as a key enabler for the next generation of mobile
communication systems. Considering a general M-QAM modulation order, exact closed-form
and asymptotic physical-layer level end-to-end performance metrics (outage probability, ergodic
capacity, BER, BLER, and SER) were derived for Weibull fading links under the form of
FoxH- and MeijerG-functions based expressions. We also derived expressions for the end-to-end
energy efficiency of the analyzed scheme. Based on the obtained results, we computed error and
energy efficiency optimal transmit power allocation strategies, and we showed that they offer
considerable gains.
Simulation results confirmed the accuracy of our analysis for a large selection of channel and
system parameters. As a secondary contribution, we proposed new and generalized implemen-
tation of Fox H and bivariate H functions in Matlab.
To complete the analysis, more investigations are necessary, and it will be very interesting to
take other aspects into consideration (for example power constraints, delay, channel estimation
errors, and transmission scheduling) to get a better, practical, and cross-layer insight into the
design and optimization of multihop schemes for the demanding 5G and IoT specifications.
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APPENDIX A
FOX H-FUNCTION’S MATLAB CODE
function out = Fox_H(an, An, ap, Ap,
bm, Bm ,bq, Bq,z)
%% Integrand definition
F = @(s)(GammaProd(bm,Bm,s)
.* GammaProd(1-an,-An,s).* z.ˆ-s )
./ (GammaProd(1-bq,-Bq,s)
.* GammaProd(ap,Ap,s));
%% Parameters:
p = length([An Ap]);
q = length([An Ap]);
alphaFox = sum(An)-sum(Ap)+sum(Bm)-sum(Bq);
mu = sum([Bm Bq]) - sum([An Ap]);
betaFox = prod([An Ap].ˆ-[An Ap])
* prod([Bm Bq].ˆ-[Bm Bq]);
delta = sum([bm bq]) - sum([an ap]) + (p-q)/2;
%% Conditions per contour:
% Contour L_(c+i*infinity):
condition01=alphaFox>0&&...
abs(angle(z))<pi*alphaFox/2;
condition02=alphaFox==0&&(delta*mu+...
real(delta))<-1 && angle(z)==0;
condition0 = condition01 || condition02;
% contour L_(-infinity)
condition11 = (mu>0)&& z˜=0;
condition12 = (mu==0) && abs(z)<betaFox ...
&& abs(z)>0;
condition13=(mu==0)&&abs(z)==betaFox...
&&rea(delta)<-1;
condition1 = condition11||condition12...
||condition13;
% contour L_(+infinity)
condition21 = (mu<0)&& z˜=0;
condition22 = (mu==0) && abs(z)>betaFox;
condition2 = condition21 || condition22;
%% Contour preparation:
epsilon = 10ˆ1.2;
Sups = min((1-an)./An); Infs = max(-bm./Bm);
if(isempty(Sups) && isempty(Infs))
WPx=1;
elseif(isempty(Sups) && ˜isempty(Infs))
WPx = Infs +epsilon;
elseif(˜isempty(Sups) && isempty(Infs))
WPx = Sups -epsilon;
else
WPx = (Sups + Infs)/2;
end
WayPoints = [WPx-1i*epsilon WPx+1i*epsilon];
%% integration:
if(condition0 || (˜condition1 && ˜condition2))
infity = 10;
out = (1/(2i*pi))*integral(F,WPx-1i*infity,
WPx+1i*infity);
return
end
if(˜condition1)
infity = 100;
if(˜isempty(min(-bm./Bm)))
infity = infity - min(-bm./Bm);
end
out = (1/(2i*pi))*integral(F,-infity,...
-infity, ’Waypoints’,WayPoints);
return
end
if(condition2)
infity = 100;
if(˜isempty(max((1-an)./An)))
infity = infity + max((1-an)./An);
end
Tol = 10ˆ-5;
out = (1/(2i*pi))*integral(F,infity...
,infity,’Waypoints’,WayPoints);
end
%% ***** GammaProd subfunction *****
function output = GammaProd(p,x,X)
[pp, XX] = meshgrid(p,X);
xx = meshgrid(x,X);
if (isempty(p))
output = ones(size(X));
else output = reshape(prod(double(...
gammaZ(pp+xx.*XX)),2),size(X));
end
end
end
27
APPENDIX B
BIVARIATE FOX H-FUNCTION’S MATLAB CODE
function out = Bivariate_Fox_H(
an1,alphan1,An1,ap1,alphap1,Ap1,
bq1,betaq1,Bq1,cn2,Cn2,cp2, Cp2,
dm2, Dm2, dq2, Dq2, en3, En3,
ep3, Ep3, fm3, Fm3, fq3, Fq3, x, y)
%note there is no bm since m=0
%***** Integrand definition *****
F=@(s,t)(GammaProd(1-an1,alphan1,s,An1,t)
.*GammaProd(dm2,-Dm2, s)
.* GammaProd(1-cn2,Cn2,s)
.* GammaProd(fm3,-Fm3,t)
.* GammaProd(1-en3,En3,t)
.* (x.ˆs) .* (y.ˆt))
./ (GammaProd(1-bq1,betaq1,s,Bq1,t)
.* GammaProd(ap1,-alphap1,s ,-Ap1,t)
.* GammaProd(1-dq2,Dq2,s)
.* GammaProd(cp2,-Cp2,s)
.* GammaProd(1-fq3,Fq3,t)
.* GammaProd(ep3,-Ep3,t) );
%***** Contour definition *****
% cs
css = 0.1;
Sups = min(dm2./Dm2);
Infs = max((cn2-1)./Cn2);
if(isempty(Sups) && isempty(Infs))
cs=1;
elseif(isempty(Sups) && ˜isempty(Infs))
cs = Infs +css;
elseif(˜isempty(Sups) && isempty(Infs))
cs = Sups -css;
else
cs = (Sups + Infs)/2;% Sups< s <Infs
end
% ct
Supt = min(fm3./Fm3);
Inft = max([((-1+an1-alphan1.*cs)./An1)
((en3-1)/En3)]);
if(isempty(Supt) && isempty(Inft))
ct=1;
elseif(isempty(Supt) && ˜isempty(Inft))
ct = Inft +css;
elseif(˜isempty(Supt) && isempty(Inft))
ct = Supt -css;
else
ct = (5*Supt + Inft)/6;% Supt< t <Inft
end
W = 10; %˜infinity
out = real(((1/pi/2i)ˆ2)*quad2d(
F,cs-1i*W,cs+1i*W,ct-1i*W,ct+1i*W,
’Singular’,true));
%***** GammaProd subfunction *****
function output = GammaProd(p,x,X,y,Y)
if(nargin==3)
[pp, XX] = meshgrid(p,X);
xx = meshgrid(x,X);
if (isempty(p))
output = ones(size(X));
else
output = reshape(prod(double(
gammaZ(pp+xx.*XX)),2),size(X));
end
elseif(nargin==5)
[pp, XX] = meshgrid(p,X);
xx = meshgrid(x,X);
yy = meshgrid(y,X);
[pp, YY] = meshgrid(p,Y);
if (isempty(p))
output = ones(size(X));
else
output = reshape(prod(double(
gammaZ(pp+xx.*XX+yy.*YY)),2),size(X));
end
end
end
end
The gammaZ function is available in www.mathworks.com/matlabcentral/fileexchange/3572-gamma
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